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Evolving Bipartite Model Reveals the Bounded
Weights in Mobile Social Networks
Jiaqi Liu, Cheng Deng, Luoyi Fu, Huan Long, Xiaoying Gan, Xinbing Wang, Guihai Chen and Jun Xu
Abstract—Many realistic mobile social networks can be characterized by evolving bipartite graphs, in which dynamically added
elements are divided into two entities and connected by links between these two entities, such as users and items in recommendation
networks, authors and scientific topics in scholarly networks, male and female in dating social networks, etc. However, given the fact
that connections between two entities are often weighted, how to mathematically model such weighted evolving bipartite relationships,
along with quantitative characterizations, remains unexplored.
Motivated by this, we develop a novel Evolving Bipartite Model (EBM), which, based on empirically validated power-law distribution
on multiple realistic mobile social networks, discloses that the distribution of total weights of incoming and outgoing edges in networks
is determined by the weighting scale and bounded by certain ceilings and floors. Based on these theoretical results, for evolving
bipartite networks whose degree follows power-law distribution, their overall weights of vertices can be predicted by EBM. To illustrate,
in recommendation networks, the evaluation of items, i.e., total rating scores, can be estimated through the given bounds; in scholarly
networks, the total numbers of publications under specific topics can be anticipated within a certain range; in dating social networks,
the favorability of male/female can be roughly measured. Finally, we perform extensive experiments on 10 realistic datasets and a
synthetic network with varying weights, i.e., rating scales, to further evaluate the performance of EBM, and experimental results
demonstrate that given weighting scales, both the upper bound and the lower bound of total weights of vertices in mobile social
networks can be properly predicted by the EBM.
Index Terms—Evolving bipartite model, mobile social network, theoretical bound.
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I NTRODUCTION

N mobile social networks, various sensors collect a large
amount of real-time sensing data like geographical location, browsing history, user comment and rating, etc. Such a
rich set of sensing data enables research [1]–[4] on modeling
relationships among individuals, groups, organizations, and
even entire societies. In the above relationships, there exists
an important one - bipartite relationship that characterizes
connections between two types of entities. For instance, as
users often have the personal preferences to different items,
a bipartite relationship, i.e., user preference, naturally forms.
In general, user preference can be estimated by the obtained
sensing data. For example, we can infer that a user located
in China has a higher preference on tea. In addition, since
sensing data is sampled and collected at a certain time, the
preference is time-stamped. Regarding it, evolving bipartite
graph is a useful tool to mathematically model such timestamped bipartite relationships. There have existed some efforts that are directed towards analysis of evolving bipartite
graphs [3], [5], [6], and several works extend the bipartite
graphs to tripartite ones and even K-partite ones [7], [8].
However, few of them combine the edge weight into model,
and as a result cannot characterize users’ preferential level
to item. While in some other related research, even though
some weighted bipartite graphs [9]–[11] have been developed, most of them are static ones that are not applicable to
capture evolving nature of the networks.
Motivated by this, in this work our objective is to design
a model that can mathematically characterize the weighted
and evolving bipartite relationships integrated from various
sensing data, and analyze the properties of the model with
theoretical guarantee. The main challenges of this work are
summarized as follows: i) Given the fact that user prefer-

ence (weight) collected and integrated from sensing data is
usually complicated with multiple causes and variety, it is
difficult to find a specific characterization for the weight; ii)
The uncertain characterization of weight illustrated above,
as well as the evolving nature of weight, makes it difficult to
provide theoretical analysis on the properties of the model.
To bridge this gap, in this paper we propose a novel
Evolving Bipartite Model (EBM) to incorporate the weights
of edges into the whole framework. This model is founded
on observed power-law distribution in bipartite social networks, and by both theoretical and experimental validation,
EBM reveals that the total weights of vertices, e.g., the total
rating scores items receive in recommendation networks, are
limited by certain upper and lower bounds. These bounds
are highly significant due to the fact that knowing the total
weights of vertices helps a lot, e.g, estimate the product
popularity in recommendation systems, the total number
of publications under specific topics and the favorability of
male/female in dating social websites. In addition, the benefit to obtain the total weights through theoretical bounds
rather than directly collecting data lies in two aspects: on
one hand, in some cases data is missing or incomplete;
on the other hand, estimating the limits of total weights
can only be achieved by theoretical bounds rather than
collecting data. For example, in recommendation networks
where we consider users, items and ratings as node type
1, node type 2 and weighted edges, the theoretical bound
of total ratings received by an item reflects its potential
performance, which contributes to product evaluation, item
recommendation, marketing strategy adjustment, etc. There
have existed some state-of-the-art models for bipartite networks [12]–[16]. However, to our best knowledge, EBM is
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the first one that reveals the rounded weights in evolving
bipartite networks. To begin with, employing 10 realistic
datasets, we observed both vertices’ degree and total weight
follow the power-law distribution in bipartite mobile social
networks. Based on these observations, we propose EBM a weighted evolving bipartite model that is inspired by the
intuition of influence of the elderly, i.e., the edge formation
of new vertices is often influenced by the existing vertices,
especially their weight distribution, since new vertices often
tend to imitate the connections of existing ones. Further, to
explicitly clarify mathematical notations in EBM, we characterize EBM with notations in the context of recommendation networks and analyze it theoretically. By theoretical
analyzing results and empirical validation in real networks,
we reveal the total weight of a vertex in evolving bipartite
networks, e.g., total rating scores an item receives, is limited
by the obtained bounds.
We summarize the contributions of EBM:

• The first contribution of EBM is to originally incorporate
the edge weight in model construction of evolving bipartite graph. By translating rating scores into weights
of edges, EBM properly considers the weight as one
important component of the model. To illustrate, when
a new user/item arrives at the network, EBM supposes
the weights distribution of the new arrival user/item
will be exposed to the impact from weights distributions
of existing users/items. Further, EBM also portrays the
bound of items’ total rating scores in recommendation
networks, which can be leveraged to predict bounds of
total weights of vertices in other social networks.
• The second contribution is to provide mathematical
proofs to consolidate the model’s reasonability. The theoretical depth of mathematical analysis lies in three aspects:
i) We present the exact expression of weight distribution
with a recurrence relation; ii) Since the recurrence relation
is difficult to calculate directly, we offer its upper and
lower bounds. Especially, the two bounds are the same
when all the weights are set to 1 (unweighted bipartite
graph), which closes up the gap between unweighted and
weighted bipartite graphs; iii) Through theoretical analysis on the beginning of weight distribution, we figure out
the reason of discontinuity in the distribution sequence of
item weight with theoretical support.
• EBM’s third contribution relies on the extensive experimental validation. In the experiments, we launch exhaustive investigations on 10 real networks that belong to
3 types: recommendation networks, scholarly networks
and social networks, with varying weighting, i.e., rating
scales, to further evaluate the performance of EBM. The
results validate the effectiveness of the model assumption
and demonstrate that knowing weighting scales, both
the upper and the lower bounds of total weights of the
vertices can be predicted by EBM.
The paper is organized as follows. Section 2 presents the
literature review. In Section 3, we introduce our datasets and
present our observation results. We illustrate our design of
EBM and characterize it mathematically in Section 4. Then,
we theoretically analyze EBM in Section 5. In Section 6,
extensive experiments are conducted to validate the EBM.
Finally, we conclude the paper in Section 7.

2
2.1

R ELATED W ORK
Bipartite relationships in mobile social networks

Many existing literature works have discovered the bipartite relationships in mobile social networks, and studied their characterization, modeling and application correspondingly. Li et al. [17] study the social features through
mobile phone records that can be modeled as bipartite
complex networks, with one set of nodes regarded as the
mobile phone users and the other one as the calls that
they perform. Luo et al. [18] propose a friend discovery
scheme based on character attributes, where users and their
attributes like gender, age and interest naturally form the
bipartite social relationships. Barbera et al. [19] collect the
data of probes sent by different devices, and uncover the
social relationships by modeling the bipartite social relationships between the set of devices and the set of the network
SSIDs. The above works study bipartite relationships in
mobile social networks from a general view. In the case of
recommendation in mobile social networks, there are also
a furry of related ones. De Spindler et al. [20] conduct the
recommendation based on the shared information among
co-located mobile devices, where users perform as one type
of nodes and their locations related to a specific event are
the other one. Schifanella et al. [21] define the user-item
bipartite networks, based on which propose an epidemic
protocol designed to distribute and exchange user ratings
among mobile devices in ad-hoc networks. Del Prete et al.
[22] propose diffeRS, a decentralized recommend system
to reduce the complexity of Collaborative Filtering based
approach in Mobile Social Networks. With the support of
literature review above, we can conclude that bipartite social
relationships widely exist in mobile social networks. Some
researchers have made effort towards modeling bipartite
social relationships, which are presented in details as below.
In the following, we introduce the models that characterize
bipartite relationships in mobile social networks from two
aspects: network evolution and weighted relationship.
2.2

Models that characterize network evolution

There is a flurry of existing work that contribute to
evolving network sciences. A series of studies [23]–[26] have
illustrated the network structure evolves with the arrival
and departure of users [27] and the temporary dynamics of
interest [28]. Some work features the evolving process with
the network model. Lattanzi et al. [3] introduce the model
of affiliation networks, where preferential attachment and
edge copying are used in the proposed evolving process.
Liu et al. [6] give Crosslayer 2-hop Path algorithm that
leverages the bipartite evolving network to study friend
recommendation. Koskinen et al. [29] give a class of models
and a Bayesian inference scheme that extends previous onemode networks to two-mode ones. Hernandez et al. [13]
propose an evolving model for the lodging-service network
in a tourism destination, where links are determined by a
random and preferential attachment rule. Preferential attachment is adopted by many models as one of their basic
rules. For example, the aforementioned models [3], [6], [13]
introduce this rule for edge coping. Further, there are also
weighted versions of preferential attachment. Dai et al. [30]
and Athreya et al. [31] assume that each new node arrives
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at the network and attaches to an existing node with the
probability proportional to its sum of weights.

in Audioscrobbler dataset, we map the users’ play counts for
musical artist to explicit integers in [1, 5]. Specifically, when
the play count is 1, [2, 4], [5, 9], [10, 19], and no less than
20, the weight is mapped to 1 to 5 respectively. Besides, the
table presents the number of nodes of type 1/2, the sum
of all the edge weights, the number of edges, the average
degree of node of type 1/2 and density that is calculated as
# Edges/(# Node 1 + # Node 2).

2.3

3.2

TABLE 1
Performance comparison between state-of-the-art models and ours

Property
Algorithm

Network evolution Weighted relationship
[3], [6], [13], [29]
[9]–[11], [16], [33]
[34], Our Model

Models that characterize weighted relationship

A multitude of researchers have made effort to mathematically characterize weighted bipartite relationships. As
one of the most important item recommendation algorithms,
collaborative filtering [32] records the ratings by a matrix, in
which each entry ai,j represents the rating of user i on item
j . Besides the matrix, some work introduces the weighted
bipartite graph to make the representation. Liu et al. [9]
introduce a weighted bipartite user-item network to model
the recommender systems, where the weight of an edge is
the rating that the user gives the item. Similarly, Pan et
al. [33] model the recommender systems by the weighted
bipartite network, and then analyze the degree distribution
in a numerical way. Hu et al. [10] and Zhang et al. [11] also
use the weighted bipartite network to characterize user-item
ratings and propose some new recommendation algorithms.
In addition, network embedding method has been used to
model weighted relationships in bipartite social networks.
Gao et al. [16] develop a representation learning method for
bipartite networks, and learn the weight by regarding it as
one of edge features.
The aforementioned work differs from ours as follows:
i) they only pay attention to either network evolution or
weighted relationship while we study both the properties;
ii) most of them make the evaluation numerically while
we provide the theoretical bound. Last but not least, the
research most related to ours may be [34]. It presents a
model of weighted bipartite evolving social networks and
explores the strength distributions of user/item. However,
we note this model cannot be adopted to characterize useritem ratings since it assumes the weight decreases with time.
A performance comparison between state-of-the-art models
and ours is provided in Table 1.

3

O BSERVATION

This section launches our observation on 10 real datasets.
We first introduce datasets and then illustrate our discovery,
based on which EBM is founded.
3.1

Dataset

We observe 10 real datasets, including 6 recommendation datasets [35]–[37], 3 academic datasets [38] and 1 social
network dataset [39]. The dataset statistics are presented in
Table 2. The practical meaning of [node type 1, node type 2,
weight] for recommendation networks, scholarly networks
and social networks are [user, item, rating], [author, research
field, number of publications that the author publishes in
the research field] and [male, female, favorability from male
to female]. Weight scale of each dataset is obtained in an implicit way: mapping the real ratings to integers. For instance,

Power-law Distributed Rating Scores

Then we will show the degree and the total weight,
i.e., the number and the total weight of edges connected
to the user/item, are power-law distributed. In this observation, we will figure out i) Whether the data is powerlaw distributed? ii) If so, how to calculate the power-law
exponent α. The computation of power-law distribution
uses the method provided in [40]. This work demonstrates
x obeys a power law if

p(x) ∝ x−α ,

for x > xmin ,

where α denotes the exponent of the distribution and xmin
denotes the lower bound to the power-law behavior. This
work provides the estimation of α using maximum likelihood and that of xmin using Kolmogorov-Smirnov statistic.
Further, it introduces p-value to quantity the goodness of fit,
and the authors assert the power-law is ruled out if p ≤ 0.1.
With this method, we make the observations for degree and
total weight respectively.
The results of degree distribution are given in Figure 1.
From the figure we observe that the user degree and the
item degree in all the 10 datasets are power-law distributed,
i.e., p > 0.1. In particular, all these 10 datasets have a large
p that is greater than 0.3, which we call strongly power-law
distributed. Besides, the results of total weight distribution
are given in Figure 2. As the figure shows, all the p are
greater than 0.1 and thus there also exhibits the powerlaw distribution for total weight. The above results further
provide insights for us to build EBM.
Interestingly, by observing Figures 1 and 2, we discover
that the beginning of the distribution sequence shows great
discontinuity. This phenomenon can be well reproduced by
EBM both in theory and practice. Here, in advance, we say
the beginning of distribution sequences in evolving bipartite
networks, rather than being pure power-law, resembles the
expected mass function in certain situations.

4

M ODEL OF EBM

Based on the above observations, we propose evolving
bipartite model (EBM). In this section, we begin with explaining the intuition behind this model. Then, we introduce
EBM with its model structure, new definitions, two basic
assumptions and evolving algorithm.
4.1

Intuition of EBM

The core of EBM is that we assume the behavior of new
vertices are exposed to the influence of elderly, i.e., existing
vertices. Here we firstly use recommendation networks as
an instance, in which users and items are two sets of vertices
in bipartite graph, and users’ rating scores are weights of
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Network
type
Recommendation
networks

Scholarly
networks
Social networks

Dataset
AmazonMovie
AmazonCD
Audioscrobbler
AmazonBook
BookCrossing
Amazon
Electronics
Artificial
Intelligence
Algorithms
Programming
Language
Libimseti

Weight
scale
[1,5]
[1,5]
[1,5]
[1,5]
[1,5]

# Node 1
2,088,620
1,578,596
146,946
8,026,324
77,803

TABLE 2
Dataset statistics
Total
# Node 2
weights
200,940
19,289,148
486,360
16,505,353
1,493,930
59,353,961
2,330,066
96,685,308
185,846
1,749,539

4,607,047
3,749,004
24,296,858
22,507,155
433,669

Avg. degree
of node 1
2.21
2.37
165.35
2.80
5.57

Avg. degree
of node 2
22.93
7.71
16.26
9.66
2.33

# Edges

Density
2.01
1.82
14.81
2.17
1.64

[1,5]

4,201,696

476,001

31,394,452

7,824,482

1.86

16.44

1.67

[1,5]

3,276,869

1,130

7,469,417

7,073,161

2.16

6,259.43

2.16

[1,5]

1,686,210

1,092

4,162,485

3,895,052

2.31

3,566.89

2.31

[1,5]

3,957,282

1,691

7,891,791

7,499,261

1.89

4,434.81

1.89

[1,5]

60,145

38,433

9,670,628

3,232,064

53.73

84.09

32.78

(a) AmazonElectronics

(b) AmazonCD

(a) AmazonElectronics

(b) AmazonCD

(c) AmazonMovie

(d) Audioscrobbler

(c) AmazonMovie

(d) Audioscrobbler

(e) BookCrossing

(f) AmazonBook

(e) BookCrossing

(f) AmazonBook

(g) ArtificialIntelligence

(h) Algorithms

(g) ArtificialIntelligence

(h) Algorithms

(i) ProgrammingLanguage

(j) Libimseti

(i) ProgrammingLanguage

(j) Libimseti

Fig. 1. Degree distribution of users (grey dot) and items (black dot).

Fig. 2. Total weight distribution of users (grey dot) and items (black dot).

edges in the graph. In the perspective of users, a new user
is likely to learn from rating scores given by an influential
elderly user, who is thus selected as a prototype and impacts
the new user on launching rating scores, i.e., weights. In the

perspective of items, a new item that yearns for success is
likely to imitate an outstanding item, i.e., the item with high
total rating score. Therefore, since this outstanding elderly
item is chosen to be prototype, the rating score of the new
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item is, to some extent, allied with the score of its prototype.
In the example of scholarly networks, authors and topics are
represented as vertices while the numbers of publications
are represented as edge weights. In the case of a new author,
he/she may learn from the elderly authors who have large
amount of publications. In the case of a topic, it is likely to
be a branch new of an existed topic in which massive papers
have been published. As for social networks, user and topics
can be represented as two sets of vertices while the number
of messages that a user posted to a topic is represented as
the weight. A new user often pays more attention to the hot
topics while a newly generated topic prefers to attract those
influential users. The above examples show the universal
existence of influence of the elderly. Based on this intuition,
with the constant arrival of new vertices and the weights of
edges, a virtuous cycle will be normally resulted:
•

•
•

A newly arrived vertex often has preference on
popular vertices, i.e., the elements with high total
weights.
Preference brings new weights into popular vertices,
which further strengthens their popularity.
As the bipartite graph evolves, popular vertices become more popular while outmoded ones gradually
become neglected, which contributes to final powerlaw distribution in the network.

Based on these intuitions, we build EBM. In the rest parts,
EBM is illustrated in details and examined by both theoretical and experimental analysis, which, in reverse, validates
that the intuition is consistent with network evolving nature.

4.2

Mathematical Characterization

In order to simplify mathematical symbols and endow
our model with more concrete meaning, we characterize
EBM under a specific case, i.e., recommendation networks.
Here users and items can be extended to vertices in other
bipartite social networks which yielded to power-law distribution, and rating scores can be extended to edge weights.
For example, users and items can be extended to authors
and research fields in scholarly networks, as well as users
and topics in social networks. Rating scores can be extended
to number of publications that the author publishes in
the research field in scholarly networks, and number of
messages that a user posted to a topic in social networks.
Model Structure: The network structure is characterized
by a weighted bipartite graph B(U, I). Vertices in U represent users and vertices in I represent items in recommendation networks. Intuitively, an edge between user u and item
i indicates that user u makes a purchase and gives a rating
on item i. The edge has weight w(u,i) , which denotes the
rating score given to item i by user u.
Definition of Vertex Weight: Given an arbitrary vertex v
in B(U, I), let N (v) be the set of vertices connected to v . The
vertex weight of v is the sum of edge weights on all edges
connected to vertex v , namely,X
W (v) =
w(v,t) .
t∈N (v)

The vertex weight is the total rating score a user gives or an
item receives in recommendation networks.

Basic Assumptions: In realistic mobile social networks,
the value of weight is jointly determined by the user and
the item. For example, in recommendation systems, for a
certain item, some kind users prefer to rate a high score
while some critical users prefer to rate a low score. Similarly,
for a certain user, items with high quality often receive high
scores while those with low quality often receive low scores.
In order to model the influence of users’ and items’ own
character, we divide users to K types and items to L types.
For the case that users (items) follow a single type, we set
K = 1 (L = 1). For the case that users (items) follow a
mixture of several basic types, we set K > 1 (L > 1). For
example, in recommendation systems, a user is often not
purely kind or purely critical, but a mixture of the two types
with a weight vector like 70% kind and 30% critical, Then,
the mathematical modeling of this mixture distribution is
given as below.

(1) Rating scores are sampled from a mixture distribution.
(2) There are K user types and the rating preference of user
u is a mixture of the K types with weight vector vu .
(3) There are L item levels and the rating preference of item
i is a mixture of the L levels with weight vector ti .
(4) The distribution of users’ weight vectors is denoted by
F (possibly Gaussian) with a parameter vector θ, and
the probability density function (pdf) is denoted by fθ .
(5) The distribution of items’ weight vectors is denoted by
G (possibly Gaussian) with a parameter vector γ , and
the pdf is denoted by gγ .
(6) The expected value of rating scores is denoted by Er.
In some cases, the researchers only focus on the influence
coming from users or items. Then, the following framework
(the first framework) can be adopted.

(1) For any user type k , there is a unique rating probability
mass function (pmf) hk (r), r = 1, 2, ..., R. Symmetrically for any item level l, there is a unique rating pmf
hl (r), r = 1, 2, ..., R.
(2) When a newly added user u gives his/her ratings on
selected items, his/her rating pmf can be presented as:
K
X
Hu (r) =
vu (k)hk (r).
k=1

The rating pmf of a newly added item i is
L
X
H i (r) =
ti (l)hl (r).
l=1

In the other cases, the researchers focus on the influence
coming from both users and items. Then, the following
framework (the second framework) can be adopted.

(1) Given any pairs of the user type k and the item level l,
there is a unique rating pmf hlk (r), r = 1, 2, ..., R.
(2) When user u gives his/her rating on item i, the rating
pmf can be presented as:
K X
L
X
Hui (r) =
vu (k)ti (l)hlk (r).
i

k=1 l=1
and Hui (r)

We note Hu (r), H (r)
are discrete with respect
to user type k , item level l and rating r, but continuous with
respect to θ and γ - parameters of distributions of vu and ti .
We give experimental validation on this mixture distribution model. Results in Section 6.1 demonstrate the model
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Fig. 3. An illustration on how the weighted bipartite network evolves.

can well characterize weight distribution in realistic mobile
social networks.
In fact, weight vector vu characterizes the user u’s own
preference on rating, which is jointly determined by

1) Internal Effects: emotional and psychological factors like
subjective norms, social identity and group norms;
2) External Effects: social networks’ structural parameters
like clustering, centrality, and assortative mixing.
For example, assume there are two user types: mild character and demanding character, with rating pmfs h1 (r) and
h2 (r) respectively. h1 (r) increases (h2 (r) decreases) with r
since a kind (demanding) user prefers to rate a high (low)
score. Internal effects reflect a user’s own social character.
A person with a mild character often prefers to rate a high
score, and therefore the vector vu provides a high weight
to h1 (r) and a low one to h2 (r). As for external effects like
clustering, the users within a same cluster often have some
common preferences, and therefore their vectors are similar
to some degree. Note that the social pattern on rating can be
characterized by weight vector vu and user type pmf hk (r),
which well capture social aspects in mobile social networks.
In addition, we note that our model may not perfectly
characterizes the social influence in some scenarios. However, a complete reproduction of all the social features is too
difficult, if at all possible, and we believe it is beneficial to
make some simplifications towards a tractable model and
a meaningful look into the formation of weighted bipartite
relationships. In this way, the proposed model well captures
social influence in real-word mobile social networks.
Evolving Algorithm: As Figure 3 illustrates, the evolving
process in EBM incorporates two symmetrical aspects, i.e.,
the arrival of new users and items. Here we use the arrival
of a new user as an instance. At each time step, a new
user arrives, selects an existing user (someone who possibly
shares common interests with him/her and has a high total
rating score) as the prototype. Then, the new user chooses
among the items purchased by the prototype with a probability proportional to the ratings that the prototype gives
to each item. The new user will further rate those selected
items according to his own judgement and give ratings from
a discrete rating set {1, 2, . . . , R}. A symmetrical process
also occurs to newly added items. Algorithm 1 presents the
details of the evolving process in B(U, I). In addition, some
edges will be created between the existing users and item,
referred as incremental attachment.
Remarks: EBM assumes the weights are positive integers. While in real recommendation networks or other social
networks, there exist decimal rating scores like 1.5 stars or
decimal values of weights. However, this does not hurt since

we can always map decimal or implicit ratings into explicit
positive integer ratings based on pre-established rules as in
subsection 3.1. For convenience, we present Table 3 to list all
the notations that will be used later.
Algorithm 1: Rating-Driven Evolution in B(U, I)
Fix the integers c, cu , ci > 0, and let β ∈ (0, 1).
Fix an integer R as the highest rating score.
Initialization at t = 0:
Give a weighted bipartite graph B(U, I) with at least
cu ci edges, where each u ∈ U has at least cu edges and
each i ∈ I has at least ci edges. The edge weights are
sampled from the rating set {1, 2, . . . , R} following the
mixture distribution with expectation Er.
At time t > 0:
begin
(Evolution of U ) With probability β :
begin
(Arrival) A new vertex u is added to U .
(Preferentially chosen prototype) A vertex u0 ∈
U is chosen as prototype with a probability
proportional to its vertex weight, namely the
sum of edge weights of all edges connected to it.
(Edge-copy) cu edges are copied from u0 , i.e, cu
neighbors of u0 , denoted by n1 , n2 , ..., ncu are
chosen with a probability proportional to the
weight of edges (without replacement). Edges
(u, n1 ), (u, n2 ), ..., (u, ncu ) are added to the graph
with weights sampled from the set {1, 2, . . . , R}
following the mixture distribution.
end
(Evolution of I ) With probability 1 − β , a new item
i is added to I following a symmetrical process,
adding ci edges to i.
(Incremental attachment) c new edges are added to
B(U, I), where the edge’s two endpoints are selected
from U and I with the probability proportional to
the node’s weight. Similarly, the weight is sampled
following the mixture distribution.
end

4.3

Discussion

Rather than creating networks similar to certain real
ones, the purpose of EBM is to figure out the inherent evolution mechanism of weighted bipartite networks, based on
which deduce the theoretical bounds of user/item weight
distribution. The model contributes to two aspects: (i) The
study on inherent mechanism can help researchers better

1536-1233 (c) 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
Authorized licensed use limited to: Shanghai Jiaotong University. Downloaded on October 12,2020 at 14:43:05 UTC from IEEE Xplore. Restrictions apply.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TMC.2020.3017630, IEEE
Transactions on Mobile Computing
7

upper bound

TABLE 3
Notation and Definition

Notation
B(U, I)
w(u,i)
W (v)
Wt
K
vu
fθ
L
ti
gγ
hk (r)
hl (r)
hlk (r)
H(r)
Er
cu
ci
β

Definition
Weighted bipartite graph.
Rating score given to item i by user u.
Sum of weights on edges connected to node v .
Total edge weight of users in B(U, I) at time T .
Number of user types.
Weight vector of user u.
PDF of vu with the parameter vector θ.
Number of item types.
Weight vector of item i.
PDF of ti with the parameter vector γ .
Pmf of the user of type k giving the rating r.
Pmf of the item of type l receiving the rating r.
Pmf of the user of type k giving the rating r to
the item of type l.
Expected rating pmf for a new user.
Global expectation of rating scores.
Number of edges attached to a new user.
Number of edges attached to a new item.
Probability of user arrival in each time slot.

understand the essence of weighted evolving bipartite relationships; (ii) The deduction on theoretical bounds is helpful
in estimating user/item weight and reveal the performance
limit of them.

5

T HEORETICAL A NALYSIS OF EBM

We present the theoretical analysis of EBM in this section. Firstly, Theorem 1 demonstrates the degree in EBM is
power-law distributed. Then, Theorems 2 and 3 give powerlaw bounds for weight distribution, and finally, Proposition
3 and Theorem 4 analyze the beginning of it.
5.1

Analysis of Degree Distribution

We start with the degree distribution in EBM and give
Lemma 1 first.
Lemma 1. [41] If a sequence at satisfies the recursive formula
at+1 = (1 − bt /t)at + ct for t ≥ t0 , where limt→∞ bt = b > 0
and limt→∞ ct ≥ c exists. Then limt→∞ at /t exists and equals
c/(1 + b).
With approaches similar to [3], we derive Theorem 1.
Theorem 1. For the weighted bipartite graph B(U, I) generated
after n steps, when n → ∞, the ensemble average of the degree sequence of vertices in U (resp. I) follows
 a power-law distribution

cu β
α = −2 − cciu(1−β)
with exponent α = −2 − ci (1−β)+c
β+c .
Proof. Please refer to the Supplemental Material.
5.2

Analysis of Weight Distribution

In the remaining part we first give the upper and lower
bounds of vertex weight distributions in Theorems 2 and 3,
which is further illustrated in Figure 4. Then we discuss the
beginning of vertex weight distributions in Theorem 4.

i

lower bound

CuR

CuR + R

−

1+C
R

initial value
f ( x)
f ′( x )
g ( x)

i − R −C

CuR + 2 R

CuR + 3R

CuR + 4 R

CuR + 5 R

Fig. 4. An illustration on upper and lower bounds of the vertex weight
distribution.

5.2.1

Upper Bound of Weight Distribution

Theorem 2. For the weighted bipartite graph B(U, I) generated
after n steps, when n → ∞, the ensemble average of the vertex
weight sequence of vertices in U (resp. I) has an upper bound
which follows a power-law distribution with exponent α =

cu β
− 1+C
, where C is a constant and equals Er 1 + ci (1−β)+c
R



Er 1 + cciu(1−β)
for any vertex with vertex weight greater
β+c
than cu R + 2R (ci R + 2R).
Proof. The proof of Theorem 2 includes 3 sequential parts:
I. Derivation of the recurrence relation.
II. Derivation of the intermediate upper bound.
III. Derivation of the power-law upper bound.

P ART I.Derivationof theRecurrenceRelation
Let
be the expected number of vertices in U with vertex
weight k at time t. When k > cu R + R we have
k
Vtk =Vt−1
− E[# vertices in U whose vertex weight is
k at time t − 1 and increases at time t]
+ E[# vertices in U whose vertex weight < k
at time t − 1 and increases to k at time t].
The vertex weight of vertices in U can increase if a new
vertex is added to I , or incremental attachment happens to
it. Thus we have
k
k
kVt−1
kVt−1
k
Vtk =Vt−1
− (1 − β)ci
−c
Wt−1 + WB0
Wt−1 + WB0
k−1
X
+ ((1 − β)ci + c)
E[# vertices in U whose vertex
Vtk

j=k−R

weight is j at time t − 1 and
increases to k at time t].
Wt−1 + WB0 denotes the total weight of users at time t − 1,
where WB0 is the total weight at time 0 (the initial graph)
and Wt−1 is the total weight increased from time 0 to time
t − 1. Similar to the proof in Theorem 1, the probability that
an edge is selected is proportional to its weight. Thus,
E[# vertices with vertex weight j at time t − 1 that are
chosen as end point]
j
jVt−1
.
Wt−1 + WB0
Since we have
E[# vertices in U whose vertex weight is j at time t − 1
and increases to k at time t]

=

j
=E[# vertices in Vt−1
that is chosen as end points]
× E [P r[the edge weight is assigned to be k − j]] ,
We call H(r) = E [P r[the edge weight is assigned to be r]]
to be the expected rating pmf for new users. Using the
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assumptions in Section 3, we have the following results. In
the first framework, we have:
H(r) = E [P r[the edge weight is assigned to be r]]
Z
= gγ Hγ (r)dγ
γ

Z

=

gγ
γ

L
X

tγ (l)hl (r)dγ.

l=1

In the second framework, we have:
H(r) = E[P r[the edge weight is assigned to be r]]
Z Z
=
fθ gγ Hθ,γ (r)dγdθ
θ

γ

Z Z

=

fθ gγ
θ

γ

K X
L
X

namely,

f (k) =

max

cu R+2R+1≤j≤cu R+3R

max

cu R+2R+1≤j≤cu R+3R

r=1

f (k) =
H(r) = 1.


((1 − β)ci + c)k
1−
Wt−1 + WB0
j
k−1
X jVt−1
H(k − j)
+ ((1 − β)ci + c)
.
Wt−1 + WB0
j=k−R

k
=Vt−1



Let Xk = limt→∞ Vtk /t. Again, using Lemma 1, we get the
following recurrence relation
(1−β)ci +c
k−1
X
Er(cu β+ci (1−β)+c)
Xk =
H(k − j)jXj ,
((1−β)ci +c)k
1 + Er(c
u β+ci (1−β)) j=k−R
namely,
k−1
X
1
Xk =
H(k − j)jXj .
k + C j=k−R
The value of this R-order homogeneous recurrence relation is hard to calculate since it is jointly determined by its
R previous values, i.e., Xk−1 , Xk−2 , ..., Xk−R . Thus, instead
of direct computation, we present its upper bound as below
and its lower bound in Theorem 3 to make the estimation.

P ART II.Derivationof theIntermediateU pperBound
Without loss of generality, we assume the initial values
are not all zeros, as shown in Figure 2 and suppose f is one
intermediate upper bound. We have the following 2 cases:
When cu R + R + 1 ≤ k ≤ cu R + 2R, let

f (k) =

max

cuR+R+1≤j≤cuR+2R

f (j) < f (cu R + 2R),
k−1
k+C

is

f (j) = f (cu R + 3R).

k−1
f (cu R + 2R),
k+C
max
f (j) = f (cu R + 3R).

cu R+2R+1≤j≤cu R+3R

r=1

Vtk

(1)

Ultimately, we get the following two equations for the
initial case when cu R + 2R + 1 ≤ k ≤ cu R + 3R:

we always have

we can derive

f (j).

which is demonstrated in Figure 2. Moreover, since
strictly increasing, we also have

vθ (k)tγ (l)hlk (r)dγdθ.

Since we know that
R
R
X
X
hlk (r) = 1,
hl (r) = 1,
R
X

max

k−R≤j≤k−1

Before the induction, we first deal with the initial case when
k is in the range [cu R + 2R + 1, cu R + 3R].
Recall that when cu R + R + 1 ≤ k ≤ cu R + 2R, f (k) is
fixed and equals f (cu R + 2R). Thus for cu R + 2R + 1 ≤ k ≤
k−1
< 1, using Equation (1) we have
cu R + 3R, since k+C

k=1 l=1

r=1

k−1
k+C

Xj .

When k > cu R + 2R, H(r) sums to 1 and we have

By induction, if n = K , when cu R + nR + 1 ≤ k ≤ cu R +
(n + 1)R, we have

f (k) =

k−1
f (cu R + nR)
k+C

and

max
cu R+nR+1≤j≤cu R+(n+1)R

f (j) = f (cu R + (n + 1)R).

Next we show the conditions above also hold when n =
K + 1. We know from Equation (1) that

f (k) =

k−1
k+C

max

k−R≤j≤k−1

f (j) <

max

k−R≤j≤k−1

f (j).

Thus we can derive the following inequality

max
cu R+(K+1)R+1≤j≤cu R+(K+2)R

f (j) < f (cu R + (K + 1)R).

Hence we have
k−1
k−1
f (k) =
f (cu R + (K + 1)R) =
f (cu R + nR)
k+C
k+C
<f (cu R + nR).
k−1
is increasing as k increases, f (k) is increasing in
Since k+C
the given range for k and

max
cu R+nR+1≤j≤cu R+(n+1)R

f (j) = f (cu R + (n + 1)R).

Now we can conclude that for any positive integer n ≥ 2,
when cu R + nR + 1 ≤ k ≤ cu R + (n + 1)R, we have

f (k) =

k−1
f (cu R + nR).
k+C

1
P ART III.Derivationof theP ower − lawU pperBound
(H(R)(k − R)Xk−R + ... + H(1)(k − 1)Xk−1 )
k+C
We can derive the following relation
max
f (j) 

k−R≤j≤k−1
≤
H(R)(k − R) + ... + H(1)(k − 1)
k−1
k+C
f (k) =
f (k − R),
k
+C
k−1
≤
max
f (j),
for every k = cu R+3R, cu R+4R, . . . Recursively, the above
k + C k−R≤j≤k−1

Xk =
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the beginning of the weight distribution when k is relatively
small. Defined as the above, Vtk is the expected number of
k − 1 k −R− 1
cu R +2R− 1
f (k) =
·
· ... ·
· f (cu R + 2R) vertices in U with vertex weight k at time t. Again let Xk =
k + C k −R+ C
cu R +2R+ C
limt→∞ Vtk /t. We define a new random variable S to be the
cu R+2R−1
k−R−1
k−1
vertex weight of a newly added vertex in U with a pmf s(k).
R
R
R
· k−R+C
·...· cu R+2R+C
= k+C
f (cu R + 2R)
Symmetrically
we define another random variable S 0 to be
R
R
R


the vertex weight of a newly added vertex in I with a pmf
Γ cu R+2R+C
+1
Γ( k−1
R
s0 (k). Similar to the proof of Theorems 2 and 3, we define
R + 1)
 f (cu R + 2R)

= k+C
c
R+2R−1
u
H(r) to be the expected rating pmf for new users and H(r)0
Γ( R + 1) Γ
+1
R
to be the expected rating pmf for new items.
 − 1+C
R
k
We introduce the following 3 propositions before pro∼
,
viding
Theorem 4. The first two propositions give the reR
currence relation and an upper bound of Xk . The third one
for every k = cu R + 3R, cu R + 4R, ...
describes the distributions of random variables S and S 0 .
As illustrated in Figure 4, we want to find a new upper
bound f 0 . To do this, we first define the initial case
Proposition 1. For the ensemble average of the vertex weight
distribution in set U (resp. I), when cu < k < cu R (ci < k <
f 0 (cu R + 2R) = f (cu R + 2R),
ci R), the recurrence relation of Xk is
k−1
X
and then instead of k = cu R + 3R, cu R + 4R, . . ., suppose
1
Cβs(k)
Xk =
H(k − j)jXj +
for any positive integer k > cu R + 2R,
k + C j=k−R
k+C


cu R+R+C
k−1
Γ( R + 1) Γ(
+ 1) 0
k−1
R
0
X
f 0 (k) =
f
(c
R
+
2R).
1
C(1
−
β)s
(k)
u
cu R+R−1
Xk =
,
Γ( k+C
+ 1)
H 0 (k − j)jXj +
R + 1) Γ(
R
k + C j=k−R
k+C




f (k) is increasing in [cu R + nR + 1, cu R + (n + 1)R] for
cu β
where C = Er 1 + ci (1−β)+c
Er 1 + cciu(1−β)
.
any positive integer n while f 0 (k) is decreasing and f (cu R+
β+c
0
0
nR) = f (cu R + nR). As shown in Figure 4, f (k) is also an
upper bound of Xk and it follows a power-law distribution Proof. Please refer to the Supplemental Material.
with exponent α = − 1+C
R . Thus we have proved that the
Proposition 2. For cu ≤ k ≤ cu R (resp. in I , ci ≤ k ≤ ci R),
upper bound of the ensemble average of the vertex weight
Xk have an upper bound l(k) ≤ 1.
distribution in set U follows a power-law distribution with
1+C
exponent α = − R . Symmetrically, we can prove a similar Proof. Please refer to the Supplemental Material.
result for the vertices in I .
Proposition 3. When cu (resp. ci ) is large enough, S (S 0 )
follows a unimodal probability distribution.
5.2.2 Lower Bound of Vertex Weight Distribution
equation results in

Theorem 3. For the weighted bipartite graph B(U, I) generated after n steps, when n → ∞, the ensemble average of
the vertex weight sequence of vertices in U (resp. I) has a
lower bound which follows a power-law distribution with exponent α = −R −
a constant and equals
 C ,where C is
ci (1−β)
cu β
for any vertex weight
Er(1 + ci (1−β)+c ) Er 1 + cu β+c
greater than cu R + 2R (ci R + 2R).
Proof. Please refer to the Supplemental Material.
Theorem 1 is consistent with Theorems 2 and 3 when the
degree distribution is viewed as a special case of the vertex
weight distribution where all edge weights are assigned to
1 in the graph.
When R = 1, it is easy to verify that the exponents of
both the upper and lower bound of power-law distributions
are −1 − C , which is exactly the same as the exponent of the
degree distribution we derive in Theorem 1. And note that
the following inequality holds for any positive integer R.
1+C
−R − C ≤ −
.
R
5.2.3

Beginning of Vertex Weight Distribution

The above two sections have shown the vertex weight
distribution is bounded by power-laws when vertex weight
k is greater than a certain value. Here we proceed to explore

Proof. Please refer to the Supplemental Material.
Now we introduce Theorem 4 that regards the difference
of vertex weight sequence and the difference of the nonhomogeneous term in the recurrence relation.
Theorem 4. Let p(k) be the non-homogeneous term in recurrence
relation in set U (resp. I ),


Cβs(k)
C(1 − β)s0 (k)
p(k) =
p(k) =
.
k+C
k+C
For cu < k < cu R (ci < k < ci R), asymptotically
1
|∆Xk − ∆p(k)| ≤ Hu +
cu + C 

1
|∆Xk − ∆p(k)| ≤ Hi +
ci + C
where




cu β
ci (1 − β)
C = Er 1 +
Er 1 +
,
ci (1 − β)
cu β
and
R−1
X
Hu = max {H(1), H(R)} +
|H(r + 1) − H(r)|,
r=1
R−1
X

Hi = max {H 0 (1), H 0 (R)} +

|H 0 (r + 1) − H 0 (r)|.

r=1

Proof. Please refer to the Supplemental Material.
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Here we discuss more about function p(·) in set I , which
is closely related to the beginning of the vertex weight
C(1−β)s0 (k)
distribution of items. For p(k) =
, it is a product
k+C
C(1−β)

of s0 (k) and another power function q(k) = k+C with
exponent equal to −1. We know that for the derivative of a
power function q(k) with exponent -1 is

dq(k)
dq(k)
< 0,
→ 0, k → ∞.
dk
dk
When ci is large enough, s0 (k) is a unimodal pmf. Since
the absolute derivative of q(k) is rather small and leads
to steady q(k), with a high probability, the product p(k)
increases before some value and then decreases toward 0
as k increases. By Proposition 3 and Theorem 4, we can
roughly depict the vertex weight distribution of items for
ci ≤ k ≤ ci R and it is very probable that p(k) and Xk are
both unimodal function and the vertex weight distribution
will demonstrate a peak at the beginning of the sequence.
When ci is small, for instance in the extreme case when
ci equals 1, pmf s0 (k) is the same as the expected rating pmf
for new items H 0 (r). Thus the shapes of p(k) and Xk will
largely depend on the shape of H 0 (r). p(k) will fluctuate
when H 0 (r) has fluctuations since a power function tends
to be steady and has small absolute derivatives when k > 1.
Therefore the shape of p(k) and Xk , or rather the vertex
weight distribution will resemble H 0 (r).
Symmetrically we have similar results for that in U .
5.3

Discussion on the Parameters

In this subsection, we will discuss how the parameters
affect the derived upper and lower bounds. According to
Theorem 1 and Theorem 3, we have
- Weight scale R: A larger R gives a greater upper bound
and a smaller lower bound, which indicates the weight
distribution is difficult to be estimated.
- The probability of user arrival in each time slot β : A larger
β results in a greater C for user and a smaller C for
item, and therefore generates the greater upper bound and
lower bound for user as well as the smaller upper bound
and lower bound for item.
- Number of edges attached to a new user cu : A larger cu
results in a greater C for user and a smaller C for item,
and consequently has the same effects as the parameter β .
- Number of edges attached to a new item ci : A larger ci
results in a smaller C for user and a greater C for item,
and therefore has the opposite effects as the parameter β .
- Parameter of incremental attachment c: A larger c results
in a smaller C for both user and item, and thus generates
the smaller upper bound and lower bound.

6

E XPERIMENTS

The experiments are launched on the real mobile social
bipartite networks presented in Table 4. The experiments
include two parts: i) validation on EBM’s ability to model
real-world bipartite networks; ii) validation on EBM’s other
properties. This section presents experimental results on
item, which also hold for user due to their symmetrical
characteristic. In addition, the experiments are reproducible
with the support of datasets and codes1 .
1. https://github.com/davendw49/ebm

6.1 Validation on EBM’s ability to model real-world bipartite networks
6.1.1 Validation on model assumption
To begin with, we come to the justification on the need
of mixture model assumption on recommendation ratings
given in Section 4.2, i.e., recommendation rating pmf is a
mixture of certain basic types. In the two proposed frameworks, when we fix the number of user type K , the rating
pmf of item i is
L
X
H i (r) =
ti (l)hl (r).
l=1

When L = 1, we call the pmf a single one; when L > 1, we
call it a mixture one. The recommendation rating shows the
mixture characteristic in many real networks. To validate
that, we set L = 2 and take the case where L = 1 as the
baseline. Then, the rating pmfs of the mixture case and the
baseline are
• Mixture case: H i (r) = ti (1)h1 (r) + ti (2)h2 (r).
• Baseline: H i (r) = ti h(r).
We use Mean-Square Error (MSE) as the metric to measure
the two models’ ability on characterizing rating distribution.
Let p(x) denote the real pmf obtained from the recommendation dataset and p̂(x) denote the fitting one given by the
model. The MSE between the real pmf and the fitting pmf is
calculated as
2
M SE = E (p̂(x) − p(x)) .
Obviously, a smaller MSE indicates a better fitting.
In the experiments, we assume hi (r) is a Gaussian distribution, i.e., hi (r) = N (µ, σ 2 ), since it is widely accepted that
the rating is Gaussian distributed. The fitting parameters σ
and µ are obtained using the following methods. For the
baseline, following the definition of Gaussian distribution,
we set µ as the mean of the real data and σ 2 as the variance.
For the mixture case, µ1 , σ1 , µ2 and σ2 for h1 (r) and h2 (r)
are set empirically. The weight ti (1) is selected from 0.1 to
0.9, and ti (2) is determined since ti (1) + ti (2) = 1.
Figure 5 shows the results. In all the 10 bipartite mobile
social datasets, MSE of the mixture case is smaller than that
of the baseline, which indicates the mixture assumption can
better characterize the rating distribution. Besides, we note
the mixture case only shows a weak outperformance since
the parameter setting for the baseline is almost optimal, but
that for the mixture case is far from optimal. In specific, for
the baseline, we set µ and σ as their optimal estimation. For
the mixture case, there are too may parameters, i.e., 2L+nL,
which are difficult to find the optimal combination for them
and thus we make the parameter setting empirically.
6.1.2 Weight distribution
In this part, we give the evaluation on weight distribution. To begin with, we will evaluate whether the weight is
limited by the given bounds. The real weight distribution,
the upper and lower bounds given by the proposed model
are calculated as follows.
• Real weight distribution: the method in [40];
• Upper bound (EBM): R + C ;
• Lower bound (EBM): (1 + C)/R,
where R is the weight scale that can be directly used, and
can be estimated from the data. In
C = Er 1 + cciu(1−β)
β+c
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TABLE 4
Upper and lower bounds of item weight distribution

1.443
1.557
3.982
1.449
1.597
1.327
1.423
1.069

UpperBound
(EBM)
9.187
9.403
7.443
9.296
9.035
9.012
6.056
6.416

LowerBound
(EBM)
1.037
1.081
0.689
1.059
1.007
1.002
0.411
0.414

UpperBound
(Baseline 1)
5.187
5.403
3.443
5.296
5.035
5.012
2.056
2.069

LowerBound
(Baseline 1)
5.187
5.403
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Fig. 5. MSE of rating pmf under the mixture case and the baseline (realworld networks).

addition to the proposed model, we include two baselines:
Baseline 1: Bounds relying on network evolution only. In
this baseline, the bound calculation relies only on network
evolution but neglects weighted relationships. It indicates
that the weighted bipartite network degenerates to a unweighted one. Without loss of generality, all the weights can
be regarded as 1, i.e., R = 1. Then, we have

• Upper bound (network evolution only): 1 + C ;
• Lower bound (network evolution only): 1 + C .
Baseline 2: Bounds relying on weighted relationships only.
In this baseline, the bound calculation relies only on
weighted relationships but neglects network evolution. It
indicates that we only have the value of R and in this case
the weight can follow an arbitrary power-law distribution,
I.e.,
• Upper bound (weighted relationships only): U , where
U > u, ∀u ∈ (0, ∞);
• Lower bound (weighted relationships only): L, where
L < l, ∀l ∈ (0, ∞).
The values of R and C in the 10 datasets, along with the
bounds given by the proposed model and two baselines,
are listed in Table 4. From the table we can see that the item
weight distribution is well bounded by the proposed model.
For the baseline 1 whose bounds relies on network evolution
only, the upper bound equals to the lower bound due to the
loss of weight information, which indicates that weight information is necessary in order to obtain the correct bounds.
For the baseline 2 whose bounds relies on weighted relationships only, the upper bound can be arbitrary large while

the lower bound can be arbitrary small, which is the correct
bounds but not the effective one. Therefore, we conclude
that both network evolution and weighted relationships are
important in the derivation of weight bounds.
Subsequently, we look into the beginning of item weight
distribution. No plot in Figure 2 exhibits a consecutive curve
at the beginning, which indicates ci is small for the selected
datasets according to Proposition 3 and Theorem 4. With a
small ci , item weight distribution tends to have the similar
fluctuations to those in expected rating pmf for items H 0 (r).
We show item weight distribution in book recommendation
datasets, i.e., BookCrossing and AmazonBook, in Figure 6.
Figures 6(a) and 6(b) show that the beginning of item weight
distribution resembles H 0 (r), suggesting the average users’
rating habits has influence on the beginning of item weight
distribution. In an evolutional view, small ci leads to a large
number of items having small vertex weights. New items
are added with small vertex weights and are not competitive
with other existing popular items. Users choose items with
probabilities proportional to edge weights, indicating that
popular items with large vertex weights are more likely to
be selected by users and have higher weights in the future.
Moreover, we find that in Figure 6(b), 5 different powerlaw curves seem to coexist and the logarithm plot from the
same dataset in Figure 6(c) also supports this idea. With a
detailed examination on the dataset, we present the rating
pmf for different scores in Figure 6 and find the users prefer
to give a rating score of 5. Recall the recurrence relation in
proofs of Theorems 2 and 3
k−1
X
1
H 0 (k − j)jXj .
Xk =
k + C j=k−R
If H 0 (5) is much larger, the recurrence relation yields to
H 0 (R)(k − R)Xk−R
Xk ≈
,
k+C
which indicates that Xk is dependent mostly on Xk−5 and
this results in 5 different power-law curves starting from 5
distinct initial values.
6.2

Validation on EBM’s other properties

In addition to the experiments of EBM’s performance on
deriving upper and lower bounds, we provide some other
experiments to show more features of the model.
6.2.1 Experiments on real-word networks
Firstly, we show how the weight distribution changes
as new nodes are added, and whether the given bounds

1536-1233 (c) 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
Authorized licensed use limited to: Shanghai Jiaotong University. Downloaded on October 12,2020 at 14:43:05 UTC from IEEE Xplore. Restrictions apply.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TMC.2020.3017630, IEEE
Transactions on Mobile Computing

x 10

Item Number/ Rating pmf

Item Number/ Rating pmf

2

Vertex weight distribution
Rating pmf
BookCrossing Dataset
Rating scale: 1−10 stars
Rating pmf: [0.0041,0.0064,
0.0138,0.0205,0.1175,0.0851,0.1763
,0.2392,0.1557,0.1813]

1.5
1
0.5
0
0

10

20
30
Vertex Weight

40

50

6

x 10

Vertex weight distribution
Rating pmf
4

AmazonBook Dataset
Rating scale: 1−5 stars
Rating pmf:
[0.0496,0.0435,0.0854,
0.2045,0.6170]

2
0
0

10

(a) BookCrossing

20
30
Vertex Weight

40

50

Item Number in Logarithm

12
5

4

20
Vertex weight distribution
Theoretical upper bound

15

y =−0.9722x+17.45
AmazonBook Dataset
C’
=
3.8631
5
Upper bound: y=−0.9722x+17.45
Lower bound: y=−8.861x+17.45
0
0
1
2
3
4
5
6
7
Vertex Weight in Logarithm

10

(b) AmazonBook

(c) AmazonBook in logarithm

Fig. 6. The beginning of item weight distribution in book recommendation datasets (real-world networks).
10

10

5

5

18

α

0

12
10

0
2

4

6

vertices #

8

10

2

(a) AmazonBook

4

6

vertices #

8

10

5

5

α

10

0

4
2
0
−2

0
2

4

6

vertices #

8

(c) AmazonMovie

10

8
6

(b) AmazonElectronic

10

α

14

α

α

16

2

4

6

vertices #

8

10

3

4

5

6

Weight Scale

7

8

Fig. 8. Item weight distribution with the increase of weight scale (synthetic networks).

(d) AmazonCD

Fig. 7. Item weight distribution with the vertices arrival (real-world networks).

7

C ONCLUSION AND F UTURE W ORK

still hold in this process. The experiment is proceeded on
the four real recommendation datasets. The corresponding statistics are presented in Table 2. The remaining two
datasets are not used here since they do not include time
information. In the datasets, each rating is related with a
timestamp that records the time when the user rates the
item, according to which we can obtain the time when an
item is added, i.e., the time when an item receives its first
rating. Using the same method as in Section 3, we assert the
item weight degree are power-law distributed in the 4 real
datasets with p > 0.1. Next, we calculate the exponents α
of the power-law distributions following a similar way and
show how they change as new nodes are added. The results
are given in Figure 7. It shows that the weight distribution
almost does not change when new vertices are added, and
the weight distribution is well limited by the two bounds in
the whole evolution.

In this paper, based on ten real datasets, we start with
observing several interesting distributions in mobile social
networks. Based on observations, we propose a novel evolving bipartite model called EBM that highlights the establishment of social connections for new vertices and the characterization of their behaviors based on weighting-driven
preferential attachment. The superiority of our model lies
in three aspects: good capture of realistic networks, mathematical tractability and novelty in predicting the bounds
of final weights of connections. In the case study of recommendation networks, we also investigate the beginning of
the item weight distribution, which resembles the expected
rating pmf for new items.
However, there are also some constraints in the proposed
model. For example, the model assumes that the user preferences, i.e., the weights, are independent of each other, which
cannot exactly characterize the real case since a user’s preference may be influenced by his, or her, friends. Therefore,
it is a desirable future work to study the characterization of
this relevance with weighted evolving bipartite graph.

6.2.2
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